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The Navier-Stokes equations 
;+(u.v)u= -Vp+vAu, v.u=o, (0.1) 
on a bounded domain D c RN, N= 2 or 3, supplemented by some natural 
boundary conditions, share many properties with ordinary differential 
systems. For instance, it has been proved recently (see [2-51) that, for any 
eigenvalue A of the Stokes operator (that is A satisfies 
-Aw+Vq= Aw, V.w=O,w f OonQ, (0.2) 
supplemented by the same boundary conditions as (O.l)), there exists a 
smooth invariant manifold M,, with finite codimension in the functional 
phase space V of (0.1 ), such that u0 belongs to M, if and only if u,, leads to 
a (regular) solution u(t) of (0.1) satisfying 
llu(t)112 = o(e-2uA’) for t-+ +co, (0.3) 
where 1) *)I = (jn IV. 1’ &)‘I2 denotes the norm of V. 
In the two-dimensional case, every solution of (0.1) is regular for all 
times t >, 0. Moreover, every solution u(t) of the two-dimensional space 
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periodic equations (0.1) has an enstrophy liu( t)ll* which decreases for all 
times t > 0. 
In this paper, we exhibit a set of initial values leading to (regular) 
solutions of the three-dimensional space periodic Navier-Stokes equations 
such that their enstrophy decreases for all time. 
Our result may be stated more precisely as follows. Let B, denote the 
ball of V, with radius R, centered at 0, and let /i be an eigenvalue of the 
Stokes operator satisfying n 2 O(R4/v4). Then any u. belonging to the con- 
nected component of M, n B, which contains 0, leads to a solution such 
that its enstrophy decreases for all time. Moreover, if there exists some R 
such that this decay property is not satisfied for all u. in M, n B,, for all 
/i > O(R4/v4), then there exists a nonregular (weak) solution of the three 
dimensional Navier-Stokes which eventually vanishes (i.e., which is zero 
for large times). Actually, these hypothetical nonregular solutions have the 
same vanishing property as the ones presented by J. Leray in his famous 
paper E91. 
We show also that, for large n’s, for any initial data u. in M, with 
jluoll > O(A’14), there exists a time interval with length 0(/i -2’3 log /i) such 
that the solution u of the three-dimensional space periodic equations (0.1) 
arising from uo, decreases in V with an amplitude O(/11i4). Physically, this 
property means that these solutions lose most of their enstrophy on a very 
short time interval. (In the two-dimensional situation, one can easily show 
that this “large” enstrophy decay occurs on some very “short” time interval 
starting, at t = 0.) 
Finally, let us remark that our proofs are essentially based on the 
analysis of some simple differential inequalities for some appropriate norms 
of the solutions of the Navier-Stokes equations. 
The plan of the paper is as follows: Section 1, preliminaries, Section 2, 
some estimates, Section 3, enstrophy decay for the solutions lying on the 
spectral manifolds; and Section 4, subintegral arcs related to the Navier- 
Stokes equations. 
1. PRELIMINARIES 
Our study is limited to the space periodic Navier-Stokes equations. The 
basic material useful for this particular case can be found in Ref. [12] 
(R. Temam). 
1.1. Notations 
Let Q be the cube of IWN, N = 2 or 3, with side length L. For every open 
G of [W’“, let H”(G), SE [w, denote the Sobolev space with order s. Let 
H;(Q), m E fV, be the space of functions which are in Hr”,,([WN) and which 
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are periodic with period Q, and let &Z;(Q) be the functions of H;(Q) with 
zero mean value. Finally, let A;(Q) = (I@(Q)Yv, L2( Q) = (L2( Q))“. 
Let us define the spaces: 
The space H is endowed with the norm of L2( Q), say 1.1, and the space I/ is 
endowed with the norm of the gradient in ( [L2( Q))N, say 11.11. 
Let P be the orthogonal projection on H in L2(Q), and let 
Au = -P du = -du (periodicity), B(u, 0) = P((4 V) u), 
be defined for u and v in Vn tii( Q) = D(A), and H-valued. The operator A 
(resp. B) can be extended by continuity to a linear (resp. bilinear) operator 
from V (resp. Vx V) into the dual space v’ of V. 
The operator A is called the Stokes operator. A -~ ’ is compact in H, thus 
A -’ admits a sequence of positive eigenvalues; let (/ik)kcN. denote the 
increasing (unbounded) sequence of these distinct eigenvalues, with mul- 
tiplicity mk. The spaces V,,, = D(A”i2), m E R, endowed with the norms 
lAm’21, are Hilbert spaces. For every m, V, is continuously embedded into 
@U;(Q), and the o;(Q)-norm restricted to V, is equivalent to the V,- 
norm. 
The bilinear form B has the following orthogonality properties: 
(B(u, u), 0) = 0, V(u, U)E I/x v, (1.1) 
and if N=2. 
(B(u, ~1, Au) = 0, vu E D(A). (1.2) 
Among the continuity properties of B, we shall use the following ones: 
II4 II4 “2 IAUI 1’2, V’UE v, VUED(A), 
lB(u, u)l <C IuI”~ IIuII~‘~ IA4 VUE v, VUED(A), (1.3) 
Ilull l’* 141’2 IlUll> Vz4ED(A), VUE v, 
where C is some number depending only on Q. 
Equations (0.1) are supplemented with the spatial periodic boundary 
condition 
u(x + Lej) = u(x), Vx E UP?‘, j = l,..., N, 
where (ej)j, ,,.,,,,, is the canonical basis of RN. 
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Equations (0.1) together with that boundary condition and an initial 
value condition are equivalent to the differential equation: 
~+“AU+B(U,u)=O, 
(1.4) 
40) = uo, 
where u. is given in the space H. 
The numbers lu(t)1’ and Ilu(t) are called the energy and the enstrophy 
at time t of the solution u of (1.4). 
1.2. Review of Previous Results 
It is well known that Problem (1.4) admits at least one weak solution U, 
i.e., u is a weakly continuous and bounded function from [0, + co) into H, 
u belongs to L*(O, + co; V) and, because of (1.1) u satisfies the energy 
inequality: 
;$lu(t)12+v Ilu(t)l12~0 a.e. t > 0. (1.5) 
In particular, the energy /u(t)/ * decreases for almost every t of (0, t co ). 
A solution u is said to be regular, or strong, on some time interval 
Zc [0, + co), if u I, is a continuous function from I into V. If u is regular on 
I= [to, t,], then ~1, is uniquely determined by u(t,) and (1.5) is actually 
an equality, valid for all t E I. 
In the two-dimensional case (N= 2) Eq. (1.4) admits a (unique) strong 
solution on (0, + co). Actually this solution is of class V” on (0, + co), has 
limit 0 as t goes to + co and satisfies the differential identity (because of 
(1.2)): 
;; Ilu(t)ll*+V IAu(t)l’=O. 
In particular, the enstrophy Ilu(t * decreases for all t > 0. 
In the three-dimensional case (N= 3), the existence of a regular solution 
on (0, + co) is still an open problem. Any weak solution u of (1.4) becomes 
regular after some finite time tl and satisfies: 
;; Ilu(t + v Mt)12 < c llu(t)1/3’2 IAu(t)13’*, vt > t, (1.7) 
where C is the constant defined in (1.3). Actually, the solution u is of class 
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%Y’ on (ti, +co) and has limit 0 in ‘Xa as t goes to +co. The function u 
also satisfies the inequality: 
;g IAu(t)1* + v  IA3’*U(t)12 
< 2c Ilu(t l’* IAu(t)(3’2 (Pu(t)l, Qt > t,. (1.8) 
Inequality (1.7) (resp. (1.8)) is obtained by multiplying in H equation ( 1.6) 
by Au(t) (resp. A%(t)). The time t, defined above may be evaluated; for 
example, we may choose: 
t1 = 2vA, 
~log[l+(-&q] (1.9) 
(cf. C71). 
From now on, we choose u0 in V. It is well known that the solution u of 
(1.4) is regular at least on some interval [0, to], where, for example, we 
may choose: 
(1.10) 
(cf. R. Temam [ 1 l] or [6]). 
From the estimates (1.9), (l.lO), we deduce that if u0 is chosen small 
enough in I’, then the solution u arising from u0 will be regular on 
K4 +cQl. 
Let W be the set of initial data u0 of V leading to regular solutions on 
[0, + co]: G% is an open set of I’ containing 0; 9 equals V in the two- 
dimensional case. Let (S(t)), a0 be the nonlinear semi-group operator 
defined on %?; namely, for every u0 in &?, S(t) u0 is the unique solution of 
Problem (1.4). The backward uniqueness property (cf. C. Bardos, L. Tartar 
[ 11, J. Serrin [lo]) says that if u0 E W is nonzero, then S(t) ug is nonzero 
for all t in (0, + co). We shall consider initial data in !% unless otherwise 
specified. 
In [2-41, it has been shown that the longtime behavior of S(. ) u. is 
characterized by an eigenvalue A = A(u,) of the Stokes operator A. In par- 
ticular u = S( . ) u. satisfies: 
IMt)ll 
2% Juol= 
lAu(t)l = /i l/2. 
zL \lu(t)ll ’ 
(1.11) 
moreover, the function u converges in n,, N D(A”‘*) to 0, as t + +co, 
exactly as the exponential function exp( - vA(u,) t), that is lim, _ ,~ evn(uo)’ 
IA”“u(t)l exists and is nonzero (cf. [8] also). 
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The relationship between u0 and ,4(u,) may be made more precise. It has 
been proved in [2-51 that there exists some sets Mk, k E lV, in 9, called 
the spectral manifolds, such that 
Mo=W3M,3 “‘Mk3Mk+,3 “‘; (1.12) 
M,, k = 1,2,..., is a smooth analytic manifold of codimension 
m, + ..’ +m,in V; (1.13) 
M, is invariant under the action of the nonlinear semi-group 
(S(t)),,,, i.e., S(t) Mk c Mkr Qt B 0 (1.14) 
uo~Mk-,~/f(~g)),/ikrk~~*. (1.15) 
In the spatial periodic case, that we consider here, the M,‘s and the 
MkP ,\Mk’s are unbounded. Actually the M,‘s contain an infinite-dimen- 
sional unbounded linear manifold (cf. [Z&4]), 
2. SOME ESTIMATES 
Let us first consider a solution u of the Navier-Stokes equation which is 
periodic in the plane R2. Using properties (1.1) and (1.2), we may deduce 
that the function t + Ilu(t)ll/lu(t)J d ecreases on (0, + cc); therefore, we 
obtain: 
/i ,,2 < Ilu(t < IMt)l 
Mt)l Ilu(t ’ 
Qt>O, (2.1) 
,4 ‘I2 being the common limit of these quotients. 
In the three-dimensional case, the situation is not as simple. In par- 
ticular, the enstrophy llu(t)ll* does not necessarily decrease, except for very 
large times. 
First, let us derive two inequalities, satisfied by the functions 
pI = 11412/142 and p2 = 1~42/11~112, which are the analog of (2.1) in the 
three-dimensional case. 
PROPOSITION 2.1. Let A = Ak be an eigenvalue of the Stokes operator 
and let u0 belong to M, _ ,\M,. 
Then the solution u = S( *) u0 of (1.4) satisfies; 
H> /1 112 
IUI ‘(1 + (P/v’) A”2 jul2)“2(1 + (2P/v’) /t”2 (u12)“2’ (2.2) 
lAul> /jw 
((2411 1 + (c’/v*) A”2 (u12 on (0, +m), 
where C is the constant given in (1.3). 
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ProojY (i) The functions pi and p2 are solutions of some differential 
equations which have already been obtained in [24, S]. We multiply 
Eq. (1.4) by u, Au and A%; we obtain 
and 
14 ix+v 
il 
Using the continuity (1.3) of B and the Cauchy-Schwarz inequality, we 
get: 
which may be written in the form 
(2.4) 
(2.5 1 
(2.6) 
(2.7) 
(i) Let us first derive the inequality (2.3). Dropping the positive term 
in the left member of (2.7), we can integrate (2.7) over (t, + CQ ): 
1 1 2c2 +m ---~_ 
1 p*(ty A1’2 v , ll~(r)ll’ dry 
vt>o, 
because of (1.11). But integrating inequality (1.5) over (t, + co) and using 
the fact that lim,, o. (u(t)\ =O, we deduce 
1 1 
---<c ,u(t),2, 
pz(ty A1’2 v2 
vt>o. 
This gives inequality (2.3). 
(ii) Inequality (2.2) is proved by contradiction. Let us define the 
functions 
A 
*= 
cp 
cp = (1 + (C2/v2) A1’2 (u12)2’ 1 + (C2/v2) (UI $9”“; 
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the functions 40 and $ both increase with t and have the limit n as t goes to 
+cO. 
Let us assume that, at some fixed time i 
Then, since ~(0 < pz(t), that is the inequality (2.3), we have 
Pl(0 < 
P*(g 
1 + (C2/v2) lu(i)l p*(iy’*; 
now, from inequality (2.6), we deduce that the function p, decreases for 
f > i, t in a neighborhood of i Actually, pi decreases for all t > i. Thus we 
have pi(t) < $(t) for all t, which contradicts the fact that p1 decreases and 
$ increases to the same limit A. 
Thus, we have p,(t) 3 $(t) for all t 3 0; this gives the inequality (2.2). 
Remark 2.2. Let /lj be an eigenvalue smaller than /i: /lj < A. Since n ‘I2 
is the limit of l\u(r)~j/ju(t)j for t going to +co, we have j~u(t)lj/lu(t)j >,,4, 
for t large enough. Actually, for t 3 r,, where 
c A !/4~ 112 
*j+op 3’/2- 
( 
J 
I v (A - /ii)“2 
IUOI), 
the right term of inequality (2.2) is a greater lower bound of jju(t)ll/lu(f)] 
than /i !I2 , . 
We now give a relation between (Sup,, R l\u(r)(() and the eigenvaiue n 
which characterizes the long-time behavior of the solution in the three- 
dimensional case. 
PROPOSITION 2.3. Let Ak = A be an eigenvalue of the Stokes problem. 
Let u0 belong to Mk. ,\M, and let u = S( .) u0 be the solution of (1.4). 
There exists a constant C,, independent of A, uO, v, such that u satisfies 
i 
Inf IMt)12 
l>Ollu(t)112 
if jA~(‘~*>~~u~?-‘on(O, +a), 
A < C, 
( 
7 SUP ll4t)ll 
4 (2.7) 
otherwise. 
120 > 
The proof of this result is fairly technical and will be given in Section 4. 
In particular, we shall use an estimate satisfied by solutions u for which 
lA~(t)l”~ 2 (2C/v) ll~(t)J~~‘~ at some instant t. 
This estimate reads as follows: 
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LEMMA 2.4. Let u be a regular solution of Eq. 
some instant t b T, 
‘7P 
(1.4) on [T, 00). If, for 
/Au(t)1 1/Z “7 JIU(t)l/3’2 (rev. > L (2.8) 
then u(t) satisfies 
f  $ IAu(t)l2 6 -v 
I AWI” 
liuoll2 
+2c lAuO~17’2d0 
Ilu(t II2 
(resp. -co). (2.9) 
Proof: Inequality (2.9) is a particular case of inequality (1.8). Let 
x = IA3’*u(t)(. The function f, defined by f(x) = -vx2 + 2C Ilu(t ‘I2 
1 Au(t)] 3’2 x, decreases and is negative for x 2 x, where x, = (2C/v) /I u( t) II I/* 
IMt)l 3’2 B . Y the definition of x, we have x > IAu(t)12/llu(t)ll. Thus, assum- 
ing jAu(t)l’/l/u(t)ll bx, (resp. >x,), that is, Condition (2.8), we obtain 
(resp. f(x)<f(lAu(t)l’/llu(t)II)<f(x,)<O). Inequality (2.9) then results 
from inequality (1.8). 1 
In Section 4, we shall define a notion of subintegral arc related to the dif- 
ferential equation (1.4), lying in the region of points (5, q) of IX2 such that 
v] 2 (~C/V)~ 5, 5 > 0, q > 0. The results of Proposition 2.3 are deduced from 
the comparison between the shape of the arc {t + (Ilu(t) IAu(t)l), t >O} 
and those subintegral arcs. 
Remark 2.5. Condition (2.8) is satisfied for t large enough. Indeed, we 
can write this condition in the form 
2C 
Gy ll4t)ll; 
as t goes to + 00, the right term goes to 0 while the left term goes to A1’4. 
Remark 2.6. If the strict inequality in condition (2.8) is satisfied at 
some instant to, then it follows from inequalities (1.7) and (2.9) that the 
functions IJuIJ and IAu( decrease in a neighborhood of t,. 
3. ENSTROPHY DECAY FOR THE SOLUTIONS 
LYING ON THE SPECTRAL MANIFOLDS 
Here we exhibit a rich set of initial data leading to solutions of the three- 
dimensional Navier-Stokes equations which behave as in the two-dimen- 
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sional situation, namely such that their total enstrophy Ilu(t 2 decreases in 
time. 
Let B, be the ball in V, centered at 0, with radius R >O. The precise 
result may be stated as follows. 
THEOREM 3.1. Let R > 0 and let A = Ak be an eigenvalue of the Stokes 
operator such that 
(3.1) 
If u0 belongs to the connected component of 0 in B,~I Mk- ,, then the 
function IIS(t) u,J decreases on (0, + CXI). 
Proof: Let u,, belong to Bi = B, n Mk _, and let u = S(. ) u0 be the 
solution of Problem (1.4): we have lim,, +n; p2(t) = A, where 
p2 = [Au1 ‘//lull 2. Inequality (2.5) may be written as 
$f+v (A-p,+ 
I II 
2 4cz 
II4 
CJ- IhI pi”, 
that we integrate over (t, + co) after having dropped the I/ (I 2 term; we 
obtain 
vt 2 0. (3.2) 
Two situations are possible: either 
s 0 
+m IAu(z)12 dr <-& ,4’j2, 
or 
s 0 
+m lAu(r)12dr>&A’~‘. 
(3.3) 
(3.4) 
(i) Let us assume that relation (3.3) holds. In particular, (3.2) 
implies 
The assumption (3.1) on A implies: 
L-Wt)l >4$R’ Ilu(t a(;)’ llu(t)l13, 
(3.5) 
(3.6) 
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for every t such that Ilu( t)ll < R. Inequality (1.7) then implies 
-$ l14t)l12 + v lAu(t)12 GO whenever II u( t) 11 < R. (3.7) 
Thus the function IIu( t)ll decreases whenever Ilu(t Q R: This proves that 
Ilu(t < R for all t 2 0, and inequalities (3.6), (3.7) hold for all t > 0. We 
may use (3.5) in (3.7) and integrate on (0, t); we obtain: 
l14t)l12 G ll~ol12 ev 
( ) 
- $ At 
and 
Moreover, from (3.6) and from Remark 2.6, we deduce that the functions 
Ilu(t and IAu(t)l decrease for all t20. 
Thus we have proved that, if inequality (3.3) holds, then the functions 
II/S(t) uOll and IAS u,,I decrease on (0, + 00) and satisfy 
IIs ~oI/ 6 lluoll exp (3.8) 
(ii) Let us consider the partition of B$ into the sets N, and N, 
defined by 
Because of the choice (3.1) of A, and because of relations (3.8), the sets N, 
and N, are also the sets 
N,=ju,tB:l J6+u IAS(t)u,J2dt<;R2]; 
N,={u,tB;l so+,; IAS uo12 dt 2; R2>. 
Both sets Nr and N, are closed in B;1R. Indeed, let (u&)~. N be a sequence of 
functions of N;, i= 1 or 2, converging in I/ to some function u. in B;iR. Then 
tsu&) jc N converges to SU, in V, uniformly in time, and in L*(O, 00; D(A)). 
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Therefore u. belongs to Ni, which proves that N,, i= 1 or 2, is closed in 
B;iR. 
A similar argument shows that N, and N2 are also open in B”, since they 
can be defined by 
N,={uoW~lo‘ 
,AS(t)uo,2dt>;R2 . 
Now, because 0 belongs to Ni, the set N, equals the connected com- 
ponent of 0 in Bi: this proves that, if u. belongs to the connected com- 
ponent of 0 in Bi, then the function IIS uoll decreases for all t 2 0 and 
satisfies the relations (3.8). 1 
As an extension of Theorem 3.1, we set the following statement. 
CONJECTURE 3.2. For every R > 0, there exists an eigenvalue A,, of the 
Stokes operator such that the enstrophy of the solutions arising from any 
initial data in B, n M,, _, decreases for all time. 
Theorem 3.1 says that this conjecture is true for any u. belonging to the 
connected component of 0 in B, n MkRP,. 
Remark 3.3. If conjecture 3.2 were not true, there would exist a non- 
regular solution to the Navier-Stokes equations; namely, this solution 
would have an unbounded enstrophy on some bounded time interval. 
To show this, we assume that there exists a number R > 0 such that, for 
every eigenvalue /ik of A, there exists some uk in B$ = B, n Mk _, leading 
to a solution S(. ) uk which does not decrease in V. Hence, from 
Remark 2.6, there exists some time t, such that IAu(r,)l iI2 < 
W/v) Il4tdl 9 3’2. from Proposition 2.3, we deduce that 
( > 
4 
A, G co sup IIS 24J . 
r>0 
(3.9) 
Let us choose a sequence of eigenvalues of A, say (A,),, going to + co, 
such that the sequence (u~,)~ is weakly convergent in Vn B,. Let U. be the 
limit of the sequence (Us,), and let U be the solution of ( 1.4) arising from ii,. 
Due to relations (1.9), (l.lO), the function U is regular on the time intervals 
[0, u/R41 c [0, ~r/lll?~11~] and [/?R”/A:, co)c [/I lUo14, co), where CI and /I 
are two suitable constants. Also, we can assume that the sequence 
( Iluk,( t)ll )i is uniformly bounded on [0, u/R4]. 
If we assume that U is regular on [0, GO), then S(. ) uk, will converge to U 
140 FOIAS AND GUILLOPb 
in V, uniformly on any closed interval in [0, co). But, from (3.9), we 
deduce that Sup,,d(2C/v) IIs uk,ll) is unbounded as j goes to + cc (and 
A,, goes to + co): that contradicts the uniform convergence of S(. ) u5 to ii. 
Therefore, if Conjecture 3.2 were not true, there would exist a solution U 
which is regular on some finite interval [0, i,) and such that 
lim IIG(t)ll = +co. 
, + i” 
Remark 3.4. The solution U obtained above is identically zero valued 
after some finite time. 
To prove this, let us denote by u and A any of the functions uk, and the 
associate eigenvalues A, . 
inequality (2.2), we obtain 
From the energy inequality (1.5) and from 
g JS42+ 2vA IW2 
(1 + (P/v*) A”2 ~Su~*)(1+2(c2/v2) Al’* ISAl*) 
60 on (0, +a). 
We may integrate this inequality over (0, t): 
But, the function u, which denotes any of the uk,‘s, belongs to the ball B, of 
V, thus satisfies IuI < R/A iI2 Then, inequality (3.10) implies: . 
2/1-l logv+3n”2 (~l~(r)ul)2+(flS(I)Ul)d+2vl 
u (:-g+(;$)” < 3A -. 112 vtao, (3.11) 
where u = uk,, A = Ak,, j E N. For k, going to cc, Ak, goes to cc and (Su,,), 
converges in Lk,(O, co; H) to the function U defined in Remark 3.3. Let us 
assume that u is not identically zero on an interval [i2, co), i2 “large.” 
Then inequality (3.11) implies: 
This inequality cannot be satisfied for large times t. 
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Therefore the function U is zero on the time interval [T, + a)), T large 
enough. 
4. SUBINTEGRAL ARCS RELATED TO THE 
NAMER-STOKES EQUATIONS 
In this paragraph, u = S(. ) u0 will denote a regular solution of Eq. (1.4) 
arising from an initial data u0 in 93. 
We first introduce a notion of subintegral arc related to the Navier- 
Stokes equation and we give some properties of these arcs. We are then able 
to prove Proposition 2.2. At the end of this paragraph, another property of 
the solutions of equation (1.4) is given, namely that if u0 belongs to M,, k 
large enough, then S(. ) u0 decreases “very rapidly” on a “very short” time- 
interval. 
4.1. Definition of Suhintegral Arc 
Let us consider a system of rectangular coordinates (5, q) in which we 
will study the curve l= I]u(c)~/*, q = IAu(t)l*, t E R! + , the time t being 
understood as a parameter. 
Let (r) be the arc q = (~C/V)~ 13, 5 > 0. Let (c) be the region of the half 
plane 5 b 0 above the arc (I-): 
From Lemma 2.4, we deduce that the function IIu( t)ll and IAu(t)j are 
nonincreasing for large enough times. 
DEFINITION 4.1. The arc v] = q(t), < > 0, lying in (i), is a subintegral arc 
related to the differential equation (1.4) iff, for every solution u = S( .) uO, 
u,, E 9, of Eq. (1.6), the function t + IAu(t)l* - q( Ilu(t)l is nonincreasing 
on every time interval where its value is nonnegative. 
We shall say that an arc q = q(t), 5 > 0 is nondecreasing iff q’ B 0. 
Let us first describe a set of subintegral arcs related to Eq. (1.4). 
PROPOSITION 4.2. Let y > 0. The arc (%$), parametrized by the functions 
(f(P) = (&)’ P2 (1 + ;,4)*“. 
( > 
2 2 (4.1) 
V(P) = $ Y3’2 (1 + 5;,4)18,59 PE CO, 11 
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is a subintegral arc related to Eq. (1.4). The arc (Y) is also given by the 
equation: 
; 1+~~3’4q-“4 
( ) 
1215 
=y, (4.2) 
where (5,~) belongs to (i). 
Proof: Let r] = ~(5) be a nondecreasing arc lying in the region (i). Let 
u = S( + ) u0 be a regular solution of Eq. (1.4) and let t be such that the point 
(I14t)l12, (4t)2) below to (0 
From inequalities (1.7) and (2.9), we deduce that 
+ rl’mwl12mJ 1~4~)12 + c l14tN3’2 IwtN3’21. (4.3) 
The arcs, lying in (0, with equations q = ~(5) satisfying the differential 
equation 
drj ‘I 1 - (2C/v) t314q - ‘I4 -=- 
d< t 1 + (C/v) 53’4qP”4 ’ (4.4) 
are some subintegral arcs related to equation (1.4). 
Indeed, let p = (2C/v) <3’4q- ‘I4 if 9 > 0, p = 0 if q = 0. The point (5, q) 
belongs to ([) if and only if p belongs to [0, 11. Let g: [ + [w be the 
function defined by 
g(5 II)=r1-(2c/v)~3’41~“4= 
9 
5 l+(C/v)<3“5--1’4 
Since g is positive, the arcs of (i) with equations q = n(5) solutions of (4.4), 
are nondecreasing. Moreover relations (4.3) may be written in the form: 
d Cg(llu(t)l12, rl(llU(t)l12))- dIlu(t)l12, IMt)12)1 
. [v Ih(t + c llu(t)13’2 IAu(t)13’2]; 
since the function g(t, q), t > 0 fixed, is nondecreasing in q, the integral 
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arcs of the differential equations (4.6) which lie in ([) satisfy Definition 4.1; 
they are thus some subintegral arcs related to Eq. (1.4). 
The calculation of these arcs is straightforward by using the variable 
P. I 
The number y denotes the slope of ($,) at the origin 0. Curves (+$) are 
concave down and present a maximum at their intersection point with the 
arc (r). Moreover, through a given point of (0, passes one and only one 
subintegral arc (V;,). 
4.2. Some Properties of Subintegral Arcs 
To any regular solution u of Eq. (1.4), we associate the parametrized arc 
WI: t -*m(t) = (I14t)l12, Mu(t)I 
We first study the relative positions of the arc (59) and the subintegral 
arc passing through a point m(to) of (%?) n (0. 
PROPOSITION 4.3. Let mO= (Ilu(to) IAu(to)12) be a point of (c)n (W) 
and let (V..,) be the subintegral arc passing through m,. Then, the arc ($7) 
crosses (V..,,) at m, and lies below (resp. above) the arc (Y,) for all t 2 t, 
(resp. all t < to) such that the arc m(to) m(t) of (55’) lies in (c). 
Proof At m,, the slope of (%?) is greater than the one of (%‘Y,,). Indeed, 
by some computations similar to those leading to (4.3), we obtain: 
for ylyO( Ilu(t *) = IAu(t& *. Here above, the inequality is strict since, 
otherwise, the function w  = u(t,) would satisfy the relations: 
IA3’2~( /WI = JAW/~, (B(w, w), Aw)=C IIw(13’* IAwJ”~. 
But the first relation implies Aw = /Iw, for some eigenvalue /i of A, and this 
together with the second relation yields w  = 0, which leads to a contradic- 
tion. 
This proves that the arc (%‘) crosses (y,) at m,. 
The rest of the assertion is proved by contradiction. 
Let V(to) be a neighborhood of t, such that the arc (m(t)E (U), 
tE V(to)} is in (i). Let V+(t,)= V(t,)n {tat,} and K(t,)= V(to)n 
(tao}. 
(i) We first assume that there exists some z of V+(t,) such that 
I~~~~~12’a,,~ll~~~~l12~~ (4.5) 
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The number r, , defined by 
zl=Inf{t~T/+(to),todt6z, IA~1*>~~~(ll~11*)on]t,z]}, 
has the following properties: 
t,a,<z, I~~~~,~12=~YO~Il~~~1~I12~’ 
I~~~~~12~l?,,~ll~~~~l12~ on h, 4. 
But, from the Definition 4.1 of our subintegral arc, the function 
t~(Au(t)12--~0(ll~(t)l12), which is nonnegative on [ri,r], decreases on 
(r,, r], and in particular 
I~~~~~12-vl,,~ll~~~~l12~~ 1~~~~,~12-~,,~11~~~,~112~, 
which contradicts inequality (4.5). 
We have proved that the arc (%?) lies below the arc (%$J for all t z to 
such that the arc mom(t) of (V) is in (i). 
(ii) Let us now suppose that there exists some r E V_ (to) such that 
IMr)12 < qJ,(l14~)l12). (4.6) 
As in (i), the number z2 defined by 
z,=Sup{t~V~(t,),z<t~t,, JAu12~qYO(II~112)onC~,fC} 
has the following properties: 
7 < z2 Q to, Lw*)12 = ~y,M~2)I12)~ 
l~42-=/y,w2) on CT ~~1. 
Considering the subintegral arc q = q,(,,(5) passing through the point m(r), 
we deduce from inequality (4.6) that 
vly&4~)l/*) < ~y,(l14~)l12). 
Therefore y(z) < yo. 
We then have shown that the number r2 of V-(to) satisfies r2 < to and 
inequality (4.5), where (to, r) is replaced by (7, z2), that is, 
IM~2)12 = ~,,~ll~~~2~l12~‘vl,~,,~ll~~~2~l12~. 
But we have proved in (i) that this situation is impossible. 1 
If we take m, at the origin, we obtain in a similar way the following 
result. 
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PROPOSITION 4.4. Let A be the limit us t + +cq ofIAu(t)(2/IIu(t)l12. The 
arc (%?) is tangent at 0 to the subintegral arc (VA) and lies above this arc in a 
neighborhood of 0. 
Moreover, if the whole arc (%?) lies in (c) then (U) lies above the arc (VA). 
Let us note that, in any case, the arc (V) lies above the ray 7 =A, c, 
(30. 
We are now able to give a proof of Proposition 2.2. 
4.3. Proof of Proposition 2.2 
Let m(t) denote the point (l(u(t)/12, IAu(t)l’) and let (G%) be the arc 
(m(t), t>O}. 
(i) Let us first assume that the whole arc (V) lies in the region (i). 
We deduce from Proposition 4.4 that the whole arc (V) lies above the arc 
(V,,). In particular, the subintegral arc ‘Gt$(,) p assing through m(t) lies above 
the arc (%‘,,) and from (4.2) we deduce that 
A < l‘wt)l* ‘2’5 
---z Ilu(t 
* +51f: I(z4(t)l13” 
4 v IAu(t)l”2 QtaO, (4.7) 
that is, the slope of (VA) at 0 is less than the slope of ($&,)) at 0. Because 
l~4w’2 3 W/v) ll4t)ll 3’2 Vt 2 0, inequality (4.7) implies 3 
n < c lw)l* 
--. 0 Ilu(t 2 ’ 
Qt > 0 
where Co = (9/4)“j5. 
(ii) Let us now suppose that part of the arc. (9) lies outside the 
region (i). The functions Ilu(. )I1 and IAu( . )I may not decrease for all times. 
Let t, be some time such that 
Ilu(t = s;i Il4t)ll. 
, 
The line [= (lu(t,)()2 intersects the arc (I’) at the point (I/u(tl)l/*, (~C’/V)~ 
Ilu(t1)(16). From Propositions 4.3 and 4.4, we deduce that the arc (55) in a 
neighborhood of 0 lies between the subintegral arc passing through this 
point and the arc (g,,). The slope of the upper subintegral arc at 0 is given 
by Eq. (4.2). We then obtain 
where Co has been defined above in (i). 
We have thus proved Proposition 2.2. 
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4.4. Large Enstrophy Decay on a Short Time Interval 
Let us consider regular solutions to Navier-Stokes equations, arising 
from a “large” initial data. Indeed, the sets Mk are unbounded, so we may 
choose u0 in Mk- ,\Mk such that the number IIuOjl has an order of 
magnitude (constant x A ’ - N/4) where A = A, 9 A I . We shall prove that 
the solution u = S(. ) u0 will then decrease “very fast” on a “very short” 
time interval. 
First, let us consider the two-dimensional case. Using (2.1) in identity 
(1.6), we obtain an inequality that we integrate over some interval (s, t): 
lMs)ll 
O<t-s+og- 
Ilu(t ’ 
v’s, vt, 0 6 s < t. 
Let us assume )I uJ/ 3 ctv/l l/*, where CI is any fixed adimensional constant. 
Let us choose s, t such that: 
IIu(s)(I = avn”‘, Ilu(t = WA;‘*; (4.9) 
inequality (4.8) reads: 
o$l-sc~Log~. 
1 
Relations (4.9), (4.10) mean that if u0 is chosen large in V, then there 
exists a very short time interval (s, t) on which u decreases very much in V. 
In particular, if ZQ, satisfies jlu,J = O(VA”~), ,4 large, then the solution u 
arising from u,, loses most of its enstrophy on a “small” interval starting 
at s. 
The same phenomena occurs in the three-dimensional case. The result 
can be stated as follows: 
PROPOSITION 4.5. Let A = Ak be an eigenvalue of the operator A. Let uO 
be in Mk- ,\Mk such that ljuO\l > (v/~C)(A/C,)“~. If A %A,, then there 
exists two T,,, 21 such that 
IIS UOII = (&)($y4 I/S(d uoll =&A:/4 (4.11) 
and 
1 
O<T,-To< 
v~ fr3~ 213 
Log & . 
( > 0 1 
Proof. Let A = ,4,$,/i,: the order of magnitude of A with respect to A, 
will be precised later on. Let u. be in Mk- l\Mk, large enough in V. Let 
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u = S(. ) ZQ, be the solution of Eq. (1.4) and let (%Y) be the arc {m(t) = 
(Ilw)ll*~ LwN2)~ eq. 
Let (to, qO) be the intersection of (f) and the line q =A,< and let 
(tl, ql) be the intersection of (r) and (q,,): 
(r”llo)= ((&)‘A?‘, (&)’ w), 
(51, %)=((&)I (g-)‘-2y (&)l (g-)“‘). 
Let us assume A/C, > A, and j/z+,(I > (v/~C)(A/C,)“~; we can choose zl and 
z0 as the last instants such that jlu(r0)l12=&, and IIu(~~)I/*={~. 
Let us estimate the time interval z0 - r, . We first note that 
where q0 is the ordinate of the point on (V,,) with abscissa co; moreover 
the arc {m(t) E (V), t E (zl, rO)} lies in region (0. From inequality (1.7), we 
deduce 
or 
Integrating this inequality over (z,, zO) we obtain 
O<T,-T,< &‘$ ( > 
113 IlU(~ 
(%J2’3 Log ,lu(T,),l~ (4.13) 
From the Eqs. (4.1), we get an estimate of the number f0 as A + +co: 
q0 w,, _ +ao (v/2C)’ A~/*A. Using this value of rjO in (4.13), we obtain 
inequality (4.12). 1 
Remark 4.6. From Theorem 3.1, we deduce that if u0 belongs to the 
connected component of 0 in B, n M, _, and satisfies IIuOll = (v/2C) 
(A/C,)““, then u = S(. ) u,, loses most of its enstrophy on a short time inter- 
val starting at 2 = 0. 
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